On Doubly Stochastic Graph Optimization

Abstract
In this paper we introduce an approximate optimization framework for solving
graphs problems involving doubly stochastic matrices. This is achieved by using
a low dimensional formulation of the matrices and the approximate solution is
achieved by a simple subgradient method. We also describe one problem that can
be solved using our method.
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Introduction

Graph optimization is a class of problems that assigns edge weights or transition probabilities to
a given graph which minimize a given criterion usually subject to some connectivity and other
constraints. An example is the fastest mixing Markov chain problem [1], where the object is to
assign transition probabilities that minimize the mixing rate of a Markov random walk on a given
graph. The mixing rate problem has been shown to arise in a class of gossip algorithm problems
[10] where the object is to find an averaging algorithm or equivalently a transition matrix such that
the averaging time over the graph is minimized. Other related problems that involve optimization
over spectral functions of doubly stochastic matrices include
1. Minimizing Effective Resistance on a Graph [2], where the idea is to choose a random walk
on the graph that minimizes the average commute time between all nodes.
2. Finding the best doubly stochastic approximation to a given affinity matrix [5]. This arises
in the context of spectral clustering in machine learning.
Here we consider the fastest mixing Markov chain problem and present an efficient approximate
solution based on using a smaller subset of the space of large doubly stochastic transition matrices.
This involves a computationally expensive pre-processing step but needs to be executed only once
for a given problem. In the next section we describe the notation and the underlying results used to
reduce the dimensionality of the problem.
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2.1

Problem Formulation
Fastest Mixing Markov Chain

Consider a symmetric Markov chain on a graph G with a transition matrix P ∈ Rn×n . The
stationary distribution in this case is the uniform distribution π = (1/n)eT and the mixing rate
measures how fast an initial distribution converges to the uniform. This rate of convergence is
measured by the second largest eigenvalue modulus (SLEM) of P , µ(P ) = max(λ2 (P ), −λn (P )),
the smaller it is the faster the Markov chain converges. Here λ2 (P ) and λn (P ) are the second
largest and the smallest eigenvalues of P . The problem of finding the fastest mixing Markov chain
was described in [1]. It can be written as
1

Input- A n × n doubly stochastic matrix A
1. for l = 1 : n2 + n − 2
2. Using Bipartite Matching find a permutation πl of vertices 1, ..., n such that each Ai,πi is
positive
3. θl = mini (Ai,πi )
4. A = A − θl Pπl , where Pπl is a permutation matrix corresponding to πl .
5. Exit if all entries of A are zero
PM
Output (θi , Pπi ) such that A = i=1 θi Pπi
Table 1: BN Decomposition Algorithm for a Doubly Stochastic Matrix

min µ(P )

(1)

s.t.
Pe = e

,P T = P

,P ≥0

Pij = 0 if {i, j} ∈
/ E
The problem can be expressed as an SDP and solved using standard techniques and also for very
large graphs with more 100, 000 or more edges a subgradient method is presented in [1].
2.2

BN Decomposition

Let G = (V, E) be an undirected graph with n vertices and m edges . There is a Markov chain
associated with the graph such that the weight of each edge is the transition probability pij from the
i to the jth node. These transition probabilities are described by a n × n matrix P such that
P ≥ 0, P e = e, P = P T , Pij = 0 if {i, j} ∈
/ E

(2)

where e is the vector of all 1’s and the inequality indicates element wise positivity for Pij . The
entries are zero only if there is no corresponding edge in the given graph.
We can write the symmetric stochastic matrix P as a convex combination of Permutation matrices
using the following result due to Birkhoff [6]
Theorem- Any n × n matrix P is doubly stochastic if and only if there are M n × n permutation
matrices P1 ,...,PM and positive scalars θ1 ,...,θM such that
P =

M
X

θi Pi and

i=1

M
X

θi = 1

(3)

i=1

Some bounds on M exist in the literature [6], but as we shall see it becomes irrelevant for our purposes. Now given a matrix P an algorithm (table 1) based on a proof given by Dulmage and Halperin
is described in [7]. It involves bipartite graph matching and to each such matching corresponds a
permutation matrix. These permutation matrices define a basis for a certain subset of the space of
n × n doubly stochastic matrices.
2.2.1

Identifying Basis Subset

If we have a reasonable choice for a Markov chain that mixes fast, for e.g. the Metropolis Hastings
chain. We hope to use its BN decomposition to select a permutation basis. Having then identified
such a permutation basis we can hope to solve for the fastest mixing chain by optimizing over the
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θ’s, keeping the basis matrices fixed. However the number of basis matrices or equivalently the
problem size could be very large. Can we then identify a smaller subset of basis matrices and search
over those?
Consider the initial transition matrix P m , an input to the decomposition algorithm to obtain a permutation basis for the space of DS matrices to search on. The BN procedure returns a θ = (θ1 , ..., θM )
vector and M permutation matrices (P1 , ..., PM ). Intuitively, since higher values of θi contribute
more to probability weight on a particular edge, it makes sense to ignore altogether very small θi ’s
and hence the corresponding Pi ’s. This is reasonable if we make the assumption that since our initial
choice P m is a good one any improvement that we hope to find over this one is structurally similar
to P m . Then we use the following procedure values to filter out insignificant Pi ’s
Table 2: Select Basis
Choose k << M
Compute ri =k P m − θi Pi kF for all i
Return the Pi ’s corresponding to the k smallest ri ’s.

Later in the experiments section we will show the results for different values of k for a fixed M .
Once we have the Pi ’s we have in essence fixed a subset of Birkhoff polytope for our optimization
procedure to search over. The parameter space for the search is then defined by the θ = (θ1 , ..., θk ) ∈
Pk
Rk such that this new θ lies in the probability simplex and P (θ) = i=1 θi Pi . Clearly the SLEM
is also a nonlinear function of θ and will be written as µ(θ). Note that since P (θ) is symmetric,
Pk
P (θ) = (P (θ) + P (θ)T )/2 = i=1 θi (Pi + PiT )/2. Hence our basis matrices are (Pi + PiT )/2
for each i to maintain the symmetry constraint.
In the ensuing sections we show experimental evidence and demonstrate that it is possible to truncate
the space considerably and still obtain reasonable results.
2.3

Basis Subset Optimization for Fastest Mixing Chain

The most commonly used heuristic for fast mixing is the Metropolis-Hastings random walk. To
obtain a Markov chain with the uniform stationary distribution the following transition matrix is
constructed [1]

Pijm


min(1/di , 1/dj )
if i 6= j and{i, j} ∈ E
 P
max(0,
1/d
−
1/d
)
i=j and {i, k} ∈ E
=
i
k
k

0
otherwise

(4)

Using the procedure to identify the basis subset in the previous section. We BN decompose the
P m matrix to obtain the subset space to search over. Next we use a subgradient method to solve
the fastest mixing problem on this smaller subset of DS matrices constrained by the fixed chosen
permutation basis.
2.3.1

Subgradient Method

In this parameter space the optimization problem becomes
min µ(θ)

(5)

s.t.
k
X

θi = 1 , θi ≥ 0

i=1

The SLEM in general is a non-differentiable function of the entries of the matrix and therefore as
a function of the θ parameter. We use subgradients to solve the optimization problem. It can be
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Figure 1: SLEM for a fixed graph with varying basis dimension size for our method. The horizontal
axis is the number of basis elements used, i.e. the number of variables being optimized. The vertical
line is the number of edges, i.e. the number of variables being optimized in a direct optimization
approach.The parallel lines include the corresponding SLEM values for Metropolis Hastings and the
Optimal. The SLEM values comes close to the optimal as we increase the basis dimension.

shown that the subgradient g corresponding to the equation below is dependent on the eigenvector
corresponding to the second largest eigenvalue in magnitude
µ(θ̃) ≥ µ(θ) + v(θ)T (P (θ̃) − P (θ))v(θ) = µ(θ) + δθT g

(6)

and is given by g = (v(θ)T Pi v(θ), ..., v(θ)T Pk v(θ)). Where (P1 , ..., Pk ) are the permutation basis
and v(θ) is the eigenvector corresponding to the second largest eigenvalue in magnitude. Thus at
each iteration an eigenvector computation is required.
The projected subgradient method then proceeds as usual on this considerably smaller k-dimensional
space and involves a projection step onto the probability simplex for which we use an efficient
algorithm described in [8].
The overall algorithm can be given as
1. Compute the Metropolis Hastings matrix P m for a given Graph G.
2. P
Compute the BN decomposition of P m to obtain a permutation basis such that P m =
M
m
i=1 θi Pi and obtain the truncated basis by ignoring permutation matrices corresponding
to the (M − k) θim ’s returned by the truncation procedure.
3. Solve the optimization problem (5) using the subgradient method above for parameters
θ1 , . . . , θ k .
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Figure 2: a)SLEM for graphs with varying no. of edges. The % indicates the proportion of total
basis matrices used. Even with 10% of the total variables, performance is much better than the
Metropolis Hastings chain. b) The plot shows the basis dimension(problem size)(Y) for each of
the graphs (edges (Y)) in the previous plot for each of the % levels. The number of variables are
considerably less than edges in the graph at the 10% level. The top line shows the no. of variables
as the number of edges in the direct optimization approach.
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2.4

Simulation

We first present results on a small graph with 60 nodes generated uniformly as described in fastest
mixing paper [1] . Figure 1 shows a graph with n = 60 nodes and the corresponding slem’s as we
increase the basis dimension or equivalently the number of permutation basis matrices used. The
middle line indicates the number of edges in the graph. It can be seen that even with a limited basis
dimension we do considerably better than the Metropolis-Hastings chain and stay relatively close
to the optimal. Thus the basis dimension can also be used as a knob to control the accuracy vs
efficiency tradeoff.
Figure 2(a) shows the SLEM values on graphs with n = 60 nodes and varying number of edges.
We can see that even with 10% of permutation basis we stay relatively close to the optimal value
and significantly better than the Metropolis Hastings chain. In figure 2(b) we can see in the top line
the gain we get if were to solve the optimization problem with the number of variables equal to the
number of edges as opposed to a fraction of the total basis dimension.
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Conclusion

In this paper we presented an efficient subgradient algorithm based on the Birkhoff-von Neumann
decomposition to get the approximate fastest mixing rate Markov chain on a graph. For future
work we hope that there are problems involving doubly stochastic matrices that we can solve using
our framework. We also intend to present distributed versions of the algorithm as the subgradient
method is very amenable to parallel computation. On the theoretical front the issue of the optimality
loss incurred in restricting the search space by using a fixed permutation basis or equivalently the
quality of our approximation needs to be understood.
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