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Abstract
Many networks grow by adding successive cohorts – layers of nodes. Often, the
nodes in each layer are selected independently of each other, but from a distribution that can depend on which nodes were selected for previous cohorts. For
example, successive waves of friends invite their friends to join social networks.
We present error bounds for collective classification over these networks.
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Introduction

Networks play fundamental and increasingly important roles in our lives. Networks of gene activation direct the growth of our bodies; networks of chemical and electrical signals control the
processes that keep us alive. Networks influence how we understand the natural world, from food
webs in ecology to the cycles of energy and chemistry that drive weather and environmental change.
We build networks for transportation and power transmission. Social and professional networks,
internet-enabled and otherwise, influence how we live and work.
Network analysis has a rich history in a variety of fields [1]. In the social sciences, the work spans
from Zachary’s karate club study [2] in 1977 to studies of online communication like Gopal’s AIDS
blog network study [3] and insights into the study of social networks [4]. General analysis of network
data started with a statistical approach based on random graphs [5]. Work on network generation
processes produced results about small-world graphs [6, 7] and graphs with other interesting properties. In recent years, there has been growing interest in statistical approaches to deduce properties
of the graph generation process from graphs themselves and their histories.
Networks are about relationships, connections, and dependencies. This makes it a challenge to apply classical machine learning approaches directly to validation of collective classification, because
those methods rely on examples being drawn i.i.d. from an underlying distribution. But graphs do
not usually grow by selecting all nodes i.i.d. from an underlying distribution. Instead they often
grow by accretion – with new nodes drawn from a distribution that depends on the nodes already
in the network. In this work, we develop probably approximately correct (PAC) error bounds that
take advantage of information about how the network grew. (For more on PAC error bounds, refer
to [8, 9, 10, 11].) The bounds apply to the transductive setting [12], where we have the unlabeled
nodes we wish to classify in the network.
Collective classification is a very active field. Some work of note includes an overview [13], a
comparison of some different approaches [14], a general toolkit [15], and a book that covers several
aspects in depth [16]. Recent work on validation of collective classifiers includes several approaches
to the challenge that nodes are not drawn i.i.d., including methods based on partitioning into i.i.d.
sub-networks [17], relying on multiple networks [18] or on locality [19] – that distant nodes usually
have only small effects in collective classification – and a technique based on worst likely assignments [20] that is effective for small problems but does not scale to very large ones.
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Each validation technique has its strengths and limitations; the one introduced here is not intended
to replace the others. The new technique does not require that sub-networks be drawn i.i.d., does not
require multiple in-sample networks for statistical bounds or impose conditions on the form of the
classification algorithm to ensure locality, and does scale without sacrificing bound strength. The
new technique requires us to identify sets of in-sample nodes that are just as likely to have been
left unlabeled as the set of nodes we wish to classify – we call the union of these sets a cohort. In
addition, the new technique also requires that the process that selected which nodes to label operated
independently over nodes in the cohort. We discuss these requirements in more detail later.

2

Results

In this section, we present PAC bounds for network classifiers based on cohorts. First we prove
a PAC bound based on probabilities over different subsets of a cohort being selected for labeling
(Theorem 1). Then we present a bound based on probabilities over randomly generated cohorts,
similar to the usual setting for PAC bounds (Corollary 5).
Our approach is to validate a network classifier in two steps. First, we withhold from the network
a portion of the labeled nodes that are in the same cohort as the nodes we wish to label. We perform collective classification on the withheld nodes and use their labels to evaluate the accuracy of
collective classification for the network without the withheld nodes. Second, we evaluate the rate
of disagreement between collective classification with and without the withheld nodes. This gives a
bound on the difference in error rates between the validated withheld classifier and the full classifier
based on all nodes.
Let F be the full set of nodes in a network, with some nodes having known labels and others
unknown. Define a cohort to be a subset of F for which whether labels are known or unknown was
determined at random, independently and with the same probability for each node. Let C ⊂ F be a
cohort. Define validation set V to be the nodes in C with known labels, and define working set W
to be the nodes in C with unknown labels.
Our goal is to bound the error rate of collective classification over W . To do this, we will bound
the error rate of classification based on nodes in F − (V ∪ W ). Then we will bound the rate of
disagreement between classification based on F − (V ∪ W ) and classification based on the full
network.
Let g ∗ be the output of classification based on the full network. The classification method may
use any available information: the graph structure of the network, node inputs, link inputs, and any
known node labels. Let y ∈ {0, 1} be the label for a node. Then our goal is to bound
P rW {g ∗ 6= y},

(1)

where the probability is over the specific nodes in W (not over random draws of W ).
Let g∅ be the output of holdout classification of a node z ∈ V ∪ W : classification based on F −
(V ∪ W ) ∪ {z}. The classification method may not use information about nodes in (V ∪ W ) − {z}
or links with those nodes, but it may use the other available network information.
Theorem 1 Let v = |V | and w = |W |. Let d be the number of disagreements over nodes in W
between holdout classification and classification based on the full network:
d = P rW {g ∗ 6= g∅ }.

(2)

Let  be the difference between the (unknown) error rate of the full classifier over unlabeled nodes
and the holdout classification error rate over validation set nodes:
 = P rW {g ∗ 6= y} − P rV {g∅ 6= y},
where the probabilities are over the specific nodes in W and V , respectively. Then for δ > 0,
r
v
− ln δ
d
P r{V |W } { > (1 + )
+ } ≤ δ,
w
2v
w

(3)

(4)

where the probability is over partitions of C into a size |V | validation set and a size |W | working
set.
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To prove the theorem, we will use two lemmas. The first states that the error rate of full-network
classification is at most the sum of the error rate of held-out classification and the rate of disagreement between the full-network and held-out classification:
Lemma 2

P rW {g ∗ 6= y} ≤ P rW {g∅ 6= y} + P rW {g∅ 6= g ∗ }.

(5)

Proof of Lemma 2. Note that
P rW {g ∗ 6= y} = P rW {g ∗ 6= y ∧ g∅ = g ∗ } + P rW {g ∗ 6= y ∧ g∅ 6= g ∗ }.

(6)

(g ∗ 6= y ∧ g∅ = g ∗ ) ⇒ (g∅ 6= y)

(7)

(g ∗ 6= y ∧ g∅ 6= g ∗ ) ⇒ (g∅ 6= g ∗ ),

(8)

P rW {g ∗ 6= y} ≤ P rW {g∅ 6= y} + P rW {g∅ 6= g ∗ }. 

(9)

Since
and

The second probability on the RHS is the rate of disagreement between g∅ and g ∗ over W , which
we can compute directly. The first probability on the RHS is the error rate of g∅ over W , which we
can bound using V , according to the next lemma:
Lemma 3 Recall that v = |V | and w = |W |. Let rW = P rW {g∅ 6= y} and rV = P rV {g∅ =
6 y}.
Then for δ > 0,
r
v
− ln δ
P r{rW > rV + (1 + )
} ≤ δ.
(10)
w
2v
Proof of Lemma 3. Let rV ∪W = P rV ∪W {g∅ 6= y}, i.e., the error rate of g∅ over the cohort. Let
i be the number of classification errors by g∅ over V . Select a bound failure probability δ. Let j ∗
be the minimum number of classification errors by g∅ over W needed to make the probability of
observing at most i errors over V be δ or less:
j ∗ = min{j : P r{V |W } {rV ≤

i
i+j
|rV ∪W =
} ≤ δ}.
v
v+w

(11)

Since the nodes in V ∪ W are in the same cohort, each partition of V ∪ W into a size |V | validation
set and a size |W | working set is equally likely. So
P r{V |W } {rW >

j∗
} ≤ δ.
w

(12)

i+j
Now consider how to compute j ∗ . If rW = v+w
, then there are i + j errors among the v + w
nodes in V ∪ W . The probability of drawing i or fewer of the errors while drawing v nodes without
replacement is the tail of a hypergeometric distribution:


i+j (v+w)−(i+j)
i
X
i
i+j
k
v−k

}=
.
(13)
P r{V |W } {rW ≤ |rV ∪W =
v+w
v
v+w
v
k=0

Apply a tail bound from Chvátal [21] and Hoeffding [22]:
P r{V |W } {rV ≤

2
i
i+j
|rV ∪W =
} ≤ e−2 v ,
v
v+w

where
=
To use this bound, set δ = e−2
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v

i+j
i
− .
v+w v

and solve for

(14)

(15)

j
w:

j
i
v
= + (1 + )
w
v
w
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r

− ln δ
.
2v

(16)

Substitute into Inequality 12 to get a bound:
P r{V |W } {rW

i
v
> + (1 + )
v
w

r

− ln δ
} ≤ δ. 
2v

(17)

Proof of Theorem 1. Recall that
 = P rW {g ∗ 6= y} − P rV {g∅ 6= y}.

(18)

 ≤ P rW {g∅ 6= y} + P rW {g∅ 6= g ∗ } − P rV {g∅ 6= y}

(19)

By Lemma 2,

= (P rW {g∅ 6= y} − P rV {g∅ 6= y}) +

d
.
w

(20)

Now apply Lemma 3 to P rW {g∅ 6= y} − P rV {g∅ 6= y}, recalling that rW = P rW {g∅ 6= y} and
rV = P rV {g∅ 6= y}.

We can easily extend Theorem 1 to cover cases where V and W result from a random partition of
V ∪ W:
Corollary 4 If we define a cohort to be a set C = V ∪ W such that partition C → V |W was
selected uniformly at random among partitions of C into a size |V | and size |V | subsets of C, then
Theorem 1 still holds.
Proof of Corollary 4. We used the definition of a cohort in the logic before Inequality 12. That logic
holds directly if V |W is the result of a random partition of C into size |V | and size |W | subsets. 
In the following corollary, we extend Theorem 1 to produce a PAC error bound based on random
i.i.d. draws of validation and working nodes to form a cohort. This is more like the usual setting for
PAC bounds in machine learning, where training and working examples are assumed to be drawn
i.i.d., except in this case only cohort nodes are assumed to be drawn i.i.d., and they can be drawn
from a distribution that depends on other nodes in the network.
Corollary 5 Assume each node in V , including any node data, the node label, and any links to
nodes in F − (V ∪ W ), was drawn i.i.d. from a joint input-label-neighbor distribution, which may
depend on nodes in F − (V ∪ W ). Assume the same for the nodes in W . Then for δ > 0,
r
v
− ln δ
d
P r{ > (1 + )
+ } ≤ δ,
(21)
w
2v
w
where the probability is over random draws of |V | nodes to form V and |W | nodes to form W .
Proof of Corollary 5. Let f (V ∪W ) be the pdf of each V ∪W , and let d(V ∪W ) be an infinitesimal
around V ∪ W . Then
r
v
− ln δ
d
P r{ > (1 + )
+ }
(22)
w
2v
w
Z
=
V ∪W

v
P r{V |W } { > (1 + )
w

r

− ln δ
d
+ |V ∪ W }f (V ∪ W )d(V ∪ W ).
2v
w

(23)

Since each node in V ∪ W is drawn i.i.d., each partition of each V ∪ W into a size |V | validation
set and a size |W | working set is equally likely. So we can apply Corollary 4 to the probability
conditioned on each V ∪ W :
Z
Z
≤
δf (V ∪ W )d(V ∪ W ) = δ
f (V ∪ W )d(V ∪ W ) = δ. 
(24)
V ∪W

V ∪W
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Analysis, Application Requirements, and Extensions

In this section, we analyze the error bound, outline requirements to apply it, and discuss methods to
meet the requirements. To analyze the error bound from Theorem 1 and Corollary 5, note that the
range of the bound:
r
r
r r
v
− ln δ
− ln δ
v − ln δ
(1 + )
=
+
.
(25)
w
2v
2v
w
2w
The first term on the RHS is the standard Hoeffding bound [22] for the difference between expected
error rate over random validation sets drawn i.i.d. according to the cohort distribution and the empirical error rate on the specific validation set in our network. The second term accounts for the
difference between expected error rate over random working sets and the empirical error rate on our
specific working set. (It goes to zero as w increases.)
The bound range is minimized with respect to v when v = w. (Take the derivative of the RHS with
respect to v, set to zero, and solve.) However, this is just an artifact of using the exponential form of
Chvátal’s bound. To improve the bound as v increases beyond w, bound the RHS of Equation 13 using Inequality 1 from Chvatal [21], which is stronger than the exponential inequality. Alternatively,
compute the RHS of Equation 13 directly, using the built-in hypergeometric function in R or using
BigDecimal in Java, or compute a close approximation by applying Loader’s method [23].
To apply the bound from Theorem 1, we need a process to identify a cohort that includes the working
examples. The random partitioning argument in the proof is valid if the process would identify the
same cohort regardless of which subset of it was the working set. For example, identifying all nodes
that joined the network during the same weeks as the working nodes would meet this requirement.
The bound also requires that revelation of node labels is independent and with identical probabilities
over the cohort nodes. In some applications, we can design a process to make this condition hold.
For example, if nodes represent people, then we can select cohort nodes at random to be validation
nodes and elicit labels from the corresponding people if they have not supplied them already. (If we
first select a sample size and then select that number of people at random for the validation set, then
we can apply Corollary 4 in place of Theorem 1.)
In these applications, we cannot ignore missing or incorrect labels. For missing labels, we can
sometimes follow up with extra efforts to elicit labels; then, for validation nodes still unlabeled, we
must assume worst-case validation error rates (i.e. that they are incorrectly classified). Incorrect
labels can be more challenging. If nodes represent people, then we can use the technique introduced
by Coffman et al. [24] with a sample to estimate the rate of incorrect labeling, then assume worstcase validation error rates for incorrect labels. (For more on the challenge of eliciting labels from
people, refer to [25].)
In some applications, the working examples will not all belong to the same cohort. In these cases,
we can produce separate error bounds for the working nodes in different cohorts and average those
bounds to get a single bound for the whole working set. (For some background on averaging bounds,
refer to [26].) A challenge for the future is to understand how to optimally weight bound parameters,
or take weighted averages of bound ranges, to optimize bounds for these cases.
Finally, the techniques developed in this paper can be applied beyond the transductive setting, in
settings where the goal is to bound error rate of the classifier based on nodes in the network over
nodes that have not yet been added to the network. Call these nodes the test nodes. In these cases,
the challenge is to estimate the rate of disagreement between the held-out classifier and the full
classifier over the test nodes. To do this, we can use labeled or unlabeled nodes in the network that
are from the same cohort as the test nodes. Alternatively, if we know the distribution of the test
nodes (but not necessarily their labels), then we can generate a random sample to estimate the rate
of disagreement. If we use the same nodes for validation and estimating the rate of disagreement,
then we need to use a sum bound on the union of probabilities of mis-estimating error rate for the
held-out classifier and of mis-estimating the rate of disagreement between the held-out classifier and
the classifier based on all examples.
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