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Matrix and Vector:

m Matrix: A rectangular array of numbers, e.g., A € R"™*":

/ a1 a2 ... din \
dpy dpp ... dop
A —
\ dm dm2 ... dmn )

m Vector: A matrix consisting of only one column (default) or
one row, e.g., X € R”

/?\

Y
P




Matrix Multiplication:
General Case:

f Ac RN Bec R™P C = AB, then C € RM*P:

n
Cj =) AikBy
k=1




Matrix Multiplication:

Special Cases:

® \/ector-Vector Products
Given two vectors x, y € R", the inner product or dot
product of the vectorsis x™y = Y1, x;y;

® Matrix-Vector Products
Given vector x € R™, matrix A € R™*" then the
product is the linear combination of matrix column
vectors:

n
Ax = |aq,a, -, ay]x = Z a;X;




Matrix Multiplication:

Properties:
m Associative: (AB)C = A(BC)
m Distributive: A(B+ C) = AB+ AC
m Non-commutative: AB # BA
m Block multiplication: It A = [A|, B = [Byj|, where Aj’s and
Byj's are matrix blocks, and the number of columns in Aj is

equal to the number of rows in By, then C = AB = [Cjj]
where Cj = Y, Ak By




Special types of Matrices:

m Identity matrix: [ = [, € R™":

1
""" 10 otherwise.

m Diagonal matrix: D = diag(dy, dz, . ... dp):

d; j=i,
0 otherwise.
m Symmetric matrices: A € R"" is symmetricif A= A".

m Orthogonal matrices: U € R"" is orthogonal if
uu' =1=U"U




Linear Independence and Rank:

m Rank: A € R™*" then rank(A) is the maximum number of
linearly independent columns (or equivalently, rows)




Linear Independence and Rank:

m Properties:
m rank(A) < min{m, n}
m rank(A) = rank(A")

(A
m rank(AB) < min{rank(A), rank(B)}
m rank(A + B) < rank(A) + rank(B)




Operations and Properties:

Trace:

The trace of a square matrix A € R™™ " denoted tr(A), is the

sum of diagonal elements in the matrix:
n

tr(A) = z a;i

=1




Operations and Properties:

Properties: (4,B € R™™)
tr(A) = tr(A")
tr(A+ B) =tr(A) + tr(B)
tr(ad) = a-tr(A) fora € R

For A, B, C such that ABC is square, tr(ABC) =




Operations and Properties:

Matrix Inverse:

If A e R"™" rank(A) = n, then the inverse of A, denoted
A~ 1is the matrix that: AA~1 = A" TA= |

Properties: (4, B invertible)

(A1)~ = A
(AB)~" = B~1A"T
(A=) = (AT)~




Range and Nullspace of a Matrix:

Span: span({xi,...,Xxn}) = {d_L; aiXj|la; € R}

Projection:
Proj(y; {Xi}1<i<n) = argminyespan({x;},<ic )Y — Vil2}

Range: A € R™*" then R(A) = {Ax| x € R"} is the span
of the columns of A

Proj(y,A) = A(ATA)~'ATy
Nullspace: null(A) = {x € R"| Ax = 0}




Quadratic Forms:

Ac R™N x c R xTAx is called a guadratic form:

x" Ax = Z Aji X X;

1<1j<n




Definite and Semidefinite Matrice:

m Ais positive definite if Vx € R": xTAx > 0
m Ais positive semidefinite if V¥ x € R" : xTAx > 0
m Ais negative definite if Vx e R": xTAx < 0

m Ais negative semidefinite if Vx € R" : xTAx <0




Eigenvalues and Eigenvectors

mAcR™ XeCisan eigenvalue of A with the
corresponding eigenvector x € C" (x # 0) if:

AX = \X

m eigenvalues: the n possibly complex roots of the
polynomial equation det(A — A\l) = 0, and denoted as
A"h o o s ?An




Eigenvalues and Eigenvectors

m Properties:
m tr(A) =0\
m det(A) =T, \
m rank(A) = [{1 <i<n|\ #0}




Matrix Eigendecomposition

mAcR™" X\.....\,the eigenvalues, and x1...., x, the
eigenvectors. X = [xq|Xo| ... |xn|, A = diag(\1. ..., \pn),
then AX = XA.

m A called diagonalizable if X invertible: A = XAX~'

m If A symmetric, then all eigenvalues real, and X orthogonal
(hence denoted by U = [uq|uz|. .. |up)):

n
A= UNUT = Z)\fu,-uf
=1

m A special case of Signular Value Decomposition




Thank You

For more...




