Note to other teachers and users of these slides: We would be delighted if you found our
material useful for giving your own lectures. Feel free to use these slides verbatim, or to modify
them to fit your own needs. If you make use of a significant portion of these slides in your own
lecture, please include this message, or a link to our web site: http://cs224w.Stanford.edu
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http://cs224w.stanford.edu/

Announcements

Homework 3 due Thursday

Late submissions accepted until end of day
Monday, 11/18

Recitation posted on Sat 11/9 (check edstem)
Exam is coming up

Thursday 11/21- Saturday 11/23
Practice Exam is posted

Colab 5 released Thursday — due after break

11/11/2024 Jure Leskovec, Stanford CS224W: Machine Learning with Graphs, http://cs224w.stanford.edu 2



Response to high-frequency feedback

Review lecture

We will host an exam recitation and will review the
relevant concept — please attend!

More spread out OHs
We adjust the OH time to make it cover more times

in the day — please check out the updated
calendar!

Project feedback

Please request a meeting or attend OH of your
assigned TA if you need more detailed feedback!

11/11/2024 Jure Leskovec, Stanford CS224\W: Machine Learning with Graphs 3



Today’s lecture

PRODIGY: Enabling In-context Learning Over
Graphs

Huang, Q., Ren, H., Chen, P., Krvzmanc, G., Zeng, D.D,,
Liang, P., & Leskovec, J. PRODIGY: Enabling In-context
Learning Over Graphs. NeurlPS 2023

Reliable Graph Learning with Guaranteed
Uncertainty Estimates

Huang, K., Jin, Y., Candes, E., Leskovec, J. Uncertainty
Quantification over Graph with Conformalized Graph
Neural Network. NeurlPS 2023, spotlight.

11/11/2024 Jure Leskovec, Stanford CS224\W: Machine Learning with Graphs 4



PRODIGY: Enabling In-context
Learning Over Graphs

CS224W: Machine Learning with Graphs
Qian Huang, Stanford University

Huang, Q., Ren, H., Chen, P., Krvzmanc, G., Zeng, D.D., Liang, P., & Leskovec, J.
(2023). PRODIGY: Enabling In-context Learning Over Graphs. NeurlPS 2023
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In-context Learning

Performing a new task by “learning” from the input context w/o gradient update. Very powerful — we
only need one foundation model directly answering all tasks now!
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In-context Learning Over Graphs

Thanks -> merci

-7
Wall -> mur hello->:

Few-shot prompting over text

What Is in-context learning
over graphs?



Today’s Plan

We formulate and enable in-context learning over graphs

® Formulation : An in-context learner for graphs should be able to solve novel tasks on novel graphs.
e PRODIGY:
O Prompt Graph representation: represent the few-shot prompt for different graph tasks in the
same input format, so that it can be consumed by one shared model
o  Prompt Graph Inference: in-context prediction GNN
o Pretraining: generate diverse pretraining tasks in the format of PromptGraph
m Neighbor Matching
m  MultiTask



Formulation



Graph Learning Tasks

What are the tasks on graphs?
Node classification
Link Prediction

Graph classification
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In-context Learning Over Graphs

Thanks -> merci

-7
Wall -> mur hello->:

Few-shot prompting over text

What Is in-context learning
over graphs?



In-context Learning Over Graphs: Link Prediction

Example

Thanks -> merci

-7
Wall -> mur hello->:

different tasks

Few-shot prompting over text
classification)

An in-context learner for graphs
should be able to solve novel
tasks on novel graphs without

Graph G: gradient updates.

Prompt Examples &
Input x  Label ¥

(@,A)— ¢ Queries Q:

(@ A)— O (@ A)— Qor?
(0,A)—> ¢

(@,A)— { eecee input nodes (head)

AdhA A input nodes (tail)

different graphs different tasks
Few-shot prompting over graph (for link



But, how to achieve this? Two Challenges:

1. How to represent the few-shot prompt for different graph tasks in
the same input format, so that it can be consumed by one shared
model?

2. How to pretrain a model that can solve any task in this format?



But, how to achieve this? Two Challenges:

1. How to represent the few-shot prompt for different graph tasks
in the same input format, so that it can be consumed by one

shared model?
=> Prompt Graph: represent each few-shot prompt over graph as a meta
hierarchical graph

2. How to pretrain a model that can solve any task in this format?

=> PGPretraining: Pretrain a message passing model over self-supervised tasks
in PromptGraph format with diverse underlying structures



Prompt Graph
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Stepi: Data Graph - Link Prediction

Graph G: Link Prediction
Data Graph contextualizes Prompt Examples S:
each input x in the graph G Inputx  Labely
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Step1: Data Graph - Node Classification
Graph G: Node classification

Data Graph contextualizes Prompt Examples S:
: ; Input x  Label ¥
each input x in the graph G e o Queries O:
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Step1: Data Graph - Graph Classification

Graph G:
Data Graph contextualizes Prompt Examples §:
. . Inputx  Label ¥
each input x in the graph G o Queries Q:
(e.g. by subgraph extraction) ._'L o L—p Oor ?
Y — ¢

Prompt examples S Queries Q



Step1: DataGraph Construction

DataGraph unifies the input format:

- Use different input node set for different classification over different levels (nodes vs edge vs
graph)

Use text feature to unify features over different datasets

Graph G

Graph G
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Step2: Task Graph - Link Prediction

Task Graph interconnects
inputs and labels across
examples to form context for
queries

- Prompt examples:
bidirectional edges
between data nodes
and all label nodes
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Step2: Task Graph - Link Prediction

Task Graph interconnects
inputs and labels across
examples to form context for
queries

- Prompt examples:
bidirectional edges
between data nodes
and all label nodes
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Prompt Examples &:
Inputx  Label ¥

. . s (@,4)— Queries Q:
Step2: Task Graph - Link Prediction (e,a— ¢ (@,A)—> Qord?
(@,A)— ¢
(@,4)— ¢

Task Graph interconnects
inputs and labels across
examples to form context for
queries

- Prompt examples:
bidirectional edges
between data nodes
and all label nodes

- Queries: single
directed edges from
each label to each data
node

hS

F 5
/ J:f """"""""" ta
&
" %
%

.

Y
Prompt examples S Queries Q/




Prompt Examples &:
Inputx  Label ¥

. . s (@,4)— Queries Q:
Step2: Task Graph - Link Prediction (e,a— ¢ (@,A)—> Qord?
(@,A)— ¢
(@,4)— ¢

Task Graph interconnects
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Prompt Examples §:
Input x  Label y
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Flexibility of Task Graph

Task Graph unifies classification task format:

- Different number of classes are represented as different number of label nodes

- Different number of prompt examples (i.e. shots) and queries are represented as different number
of data nodes as well as how they connect with label nodes
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@@ 00 input nodes (head)
AAAAA input nodes (tail)

Prompt Graph for in-context learning BEDEE data nodes
Q¢ label nodes

Reflects what is the task using examples
(commonalities and differences)

How to use PromptGraph for in-context
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PrompGraph Inference

In context prediction GNN



In context prediction GNN
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In context prediction GNN

Hierarchical Message passing over PromptGraph

/

Task Graph
vx 7

.'}! \ ‘r}-, z\. -1{' .\" . i
}fi..-a-~--~-..‘.\;". . ';~\ _;»"(”' --------- N :
e U e C

o
"V/. :
G4
Data Graphs "

v
Prompt examples & Queries Q ))




In context prediction GNN

Hierarchical Message passing over PromptGraph

- Data Graph Encoder
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Task Graph
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In context prediction GNN

Hierarchical Message passing over PromptGraph

Data Graph Encoder
Message Passing over Task Graph

(

&

''''''''

Y
Prompt examples S

Queries Q 2)




In context prediction GNN

Hierarchical Message passing over PromptGraph

Data Graph Encoder
Message Passing over Task Graph
Compute Logits

(@A) ——¢

logit = cosine_similarity(h,,ye;, Nyata)
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PRODIGY Pretraining



In-context Pretraining

We want to generate pretraining tasks in the format of PromptGraph and pretrain our model over

them!
. e ST
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Pretraining Data Generation
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Pretraining Data Generation

Two stages:

Pretraining

Data/Graph

few-shot prompt generation

convert to PromptGraph
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Pretraining Data Generation

Two stages:

Pretraining

Data/Graph

few-shot prompt generation

Graph §:
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Simply select multiple tasks for pretraining
-> Supervised pretraining
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Pretraining Data Generation

Two stages:

Pretraining

Data/Graph

few-shot prompt generation
self- supervised pretraining

Graph §:

convert to PromptGraph
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Self-supervised Task Example: Neighbor Matching

Idea: the task is to classify which neighborhood a node is in, where each neighborhood is defined by
other nodes in it.
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Pretraining Data Generation

Two stages:

few-shot prompt generation convert to PromptGraph

Pretraining

Data/Graph

Graph G: Prompt Examples §:
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Mixing different data generation pipeline gives more diverse pretraining data and better results!



In-context Pretraining Objectives

- Classification loss over generated tasks
- Attribute prediction loss: reconstruct corrupted features during DataGraph augmentation

Pretraining

Data/Graph

Task Graph

Data Graphs

”& &4

Prompt examples S

7\ ,
&

Queries @

Optimize Loss



Experimental Setup

Evaluation and Datasets

- We use 2 datasets for pretraining:
- MAG240M, a large scale citation network
- Wiki, a knowledge graph constructed from Wikipedia (Xiong et al.,2018b).
- After pretraining, we evaluate the in-context learning performance on diverse classification tasks

over downstream graphs respectively
- Paper category prediction:
- arXiv
- KG Link Prediction:
- FB15K-237, NELL, ConceptNet



Experimental Setup

Baselines and our methods

- We consider three baselines:
- NoPretrain, which uses a randomly-initialized model with the same architecture as our pretrained models
- Contrastive, which employs a standard contrastive learning method with the same augmentation as above
and uses a hard-coded nearest neighbor algorithm to adapt to our in-context learning setting
- Finetune, which trains an additional linear classification head on top of the graph encoder pretrained with
contrastive learning
- We consider three variants of out methods with different pretraining data genereration
- PG-NM, which uses Neighbor Matching task for pretraining
- PG-MT, which employs Multi-task pretraining
- PG-ALL, which combines the previous two methods



How do we handle graphs with different features?

Here we use text embedding provided by pretrained language model (e.g. Bert).



In-context Learning Results

Paper category classification: pretrain on MAG -> in-context learning on Arxiv

Classes | NoPretrain Contrastive  PG-NM PG-MT PRODIGY Finetune
3 33.16 030 65.08 £034  72.50 +035 65.64 +033 73.09 1036 || 65.42 +553
5 1833 +021  51.63+020 61.21 +028 51.97 +027 61.52 4028 || 53.49 +461
10 9.19 +on 36.78 £o19  46.12 019 37.23 1020 46.74 1020 || 30.22 +377
20 4,72 +0.06 25.18 o011 33.71 £012 2591 +012 34.41 1012 || 17.68 £1.15
40 2.62 +om 17.02 £007  23.69 006 17.19 +008 25.13 £007 8.04 +3.00




In-context Learning Results

Paper category classification: pretrain on MAG -> in-context learning on Arxiv

Classes | NoPretrain Contrastive  PG-NM PG-MT PRODIGY Finetune

3 33.16 030 65.08 £034  72.50 +035 65.64 +033 73.09 1036 || 65.42 +553
5 1833 +021  51.63+020 61.21 +028 51.97 +027 61.52 4028 || 53.49 +461
10 9.19 +on 36.78 019 46.12 +019  37.23 £020 46.74 1020 || 30.22 +377
20 4,72 +0.06 25.18 o011 33.71 £012 2591 +012 34.41 1012 || 17.68 £1.15
40 2.62 +om 17.02 £007  23.69 006 17.19 +008 25.13 £007 8.04 +3.00

Resultl: PRODIGY improves
performance in all cases, up to 48%
over contrastive and 3X over
Finetune.




In-context Learning Results

Paper category classification: pretrain on MAG -> in-context learning on Arxiv

Classes | NoPretrain Contrastive| PG-NM PG-MT PRODIGY Finetune

3 33.16 030  65.08 £034 | 72.50 +035 | 65.64 £033 73.09 1036 || 65.42 +553
5 1833 +021  51.63+020 | 61.21 028 | 51.97 +027 61.52 4028 || 53.49 +461
10 9.19 +on 36.78 o019 | 46.12 £019 | 37.23 1020 46.74 1020 || 30.22 +377
20 4,72 +0.06 2518 o011 | 33.71 012 | 2591 +012 34.41 1012 || 17.68 £1.15
40 2.62 +om 17.02 £o007 | 23.69 +006 | 17.19 +008 25.13 £007 8.04 +3.00

Result2: PRODIGY can induce
strong in-context learning with very
different self-supervised pretraining

tasks.

\ Pretraining has no idea about classifying paper

categories!



In-context Learning Results

Paper category classification: pretrain on MAG -> in-context learning on Arxiv

|
PRODIGY | Finetune

Classes | NoPretrain Contrastive  PG-NM PG-MT

3 33.16 030 65.08 £034 72.50 +035 65.64 +033 | 73.09 036 || 65.42 +553

5 1833 +021  51.63+020 61.21 +028 51.97 +027 | 61.52 4028 || 53.49 +461

10 9.19 +on 36.78 £o19  46.12 019 37.23 1020 | 46.74 1020 || 30.22 +377

20 4,72 +0.06 25.18 o011 33.71 £012  25.91 012 | 34.41 +0a2 || 17.68 £1.15

40 2.62 +om 17.02 £007  23.69 006 17.19 1008 | 25.13 £007 8.04 +3.00
|

Result3: Mixing different data
generation pipeline gives more
diverse pretraining data and better

results!




dCcuracy

Performance Scaling with More Shots

ConceptNet - 4 way
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Pretraining with only 3 shots =>
model can learn from context from
much more than 3 shots!
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accuracy

Data Scaling

-

Hard and diverse pretraining tasks
generation pipeline allows the model
to keep scaling with more training
data

g i u,
o.6004 ~° Contrastive . -

—-== PG-ALL -

5 L |
0.575 1 e
0.550 -
r
= 1 .
0.525 - ” AL Al
i ;hl W ll'l, I'F H-,. fl ]
d I I ] "
D-EF'UD y ) P ,1-{ JI.l' ‘l ‘* ‘J'
# [

0.475 1 — M ’

““1._ B / \-\'\ r‘r;

[ o = o
0.450 S e h £

. #
“1‘ £

0.425 1 — . . . S——

10% 104

# of training steps

\_

~

)




Conclusion

PRODIGY enables in-context learning over graphs with a novel in-context task
representation, Prompt Graph, and corresponding pretraining architecture and objectives.

- Prompt Graph provides a unified representation of few-shot prompts over graph for diverse
tasks

- Pretrain a hierarchical message passing model over Prompt Graph enables in-context learning
over unseen tasks on unseen graphs

- Hard and diverse pretraining tasks allow the model to keep scaling with more training data



Reliable Graph Learning
with Guaranteed
Uncertainty Estimates

Guest Lecture at Stanford CS 224W: Machine Learning with Graphs
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GNNs are powertful
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Classification
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Errors in critical applications

In high stake settings, errors have huge costs.

GNN on patient network:

‘(_> 'Q_(@ __, Wrong

diagnosis

GNN on drug discovery network:

‘( — Cﬁ — Wasted

experiment

GNN on financial network :

a( — ":I — Undetected

Fraud




As the errors accumulate...

---------------------------------------------------------------------------
*

. *
---------------------------------------------------------------------------

‘ What should we do?

Can we know when will

the model break down?

In another word, can we
produce measure of
uncertainty for model
prediction?



If we know when the model

GNN on patient graph:
Low Right

unceW diagnosis
B

0

High\
uncertainty Don’t use

model
prediction

How to produce a good uncertainty estimation?




After this lecture, you will learn...

o How to evaluate if an uncertainty
estimation method is good?

o What is reliability mathematically?

o How to produce uncertainty estimates
with reliability guarantees?
o Introduction to conformal prediction
o How to produce reliable uncertainty
estimates for graphs?
o State-of-the-art: conformalized GNNs



Plan for Today

o How to evaluate if an uncertainty
estimation method is good?

O



When will the model break
down? quantifying uncertainty

. . A range of plausible
Point prediction L
R | predictions

e Prediction set
Test node Classification

® 1|3 — 2,1

Xn—l—l S Dtest ———————————————————————————————————————————————————————————————————————————————————————
Prediction interval

— [ ]
14.1L 1148

Regression

14.5




Key benetfits of prediction

set/interval

A range of plausible predictions
¢ (X n+1 )

{Disease A, Disease B, Disease C}

Offers a meaningful range of values for more
informed decision-making.

The size of set/interval measures level of
uncertainty.

Size is large - the model will break down
Enable a rigorous notion of reliability



How to define if a prediction

set/interval is good? - Coverage

Y I e O(xy)

test| .
o5 ‘ 1EDrest

Coverage := D

i.e. % of testing points X; where ground truth
Y; falls into the prediction set/interval C

Truth

(®, ) B

.
A -
Truth

(2,8} 1 x A[

-
L

- %



Can we control coverage?

Coverage := Z I(Y; e C(X

’ test‘

o A truly trustworthy ML model have 100%
coverage.

o But prediction set/interval is predicted
from the model, so 100% is not possible.

o Isit possible to control it with guarantees?



What if we can control the

coverage with guarantees?

= 99% of predicted diagnosis set
provably includes ground truth .-

o4

Given a pre-defined target coverage level 1 — q,
we reach this coverage level with guarantees.




Achieving coverage guarantee is hard

UQModel | Cora | DBLP | CiteSeer | PubMed | Computers TCovered‘?
Temp. Scale. | 0.946+.003 X | 0.920+.009 X |0.952+.004 V| 0.899-+.002 X | 0.929+.002 X X
Vector Scale. | 0.944-+.004 X | 0.921+.009 X |0.951+.004 ¢ | 0.899.003 X | 0.932+.002 X X
Ensemble TS | 0.947+.003 X | 0.920+.008 X [0.953+.003 ¥ | 0.899+.002 X | 0.930+.002 X X
CaGCN 0.939+.005 X | 0.922+.004 X | 0.949+.005 X | 0.898+.003 X | 0.9264.003 X X
GATS 0.939+.005 X | 0.921+.004 X [0.951+.005 ¢ | 0.898+.002 X | 0.925+.002 X X
UQ Model Anaheim Chicago Education Election Twitch Covered?
QR 0.943+.031 X | 0.950+.007 X [0.959+.001 ¢ |0.956+.004 ¥ | 0.900-+.015 X X
MC dropout | 0.553+.022 X | 0.427+.015 X | 0.423+.013 X | 0.417+.008 X | 0.448+.017 X X
BayesianNN|0.967+.001 ¥ |0.955+.003 ¢ |0.957+.002 ¥ |0.958-£.009 ¢ | 0.923+.006 X X

Previous methods produce heuristic

uncertainties but have no guarantees!

13




Plan for Today

o How to produce uncertainty
estimates with reliability
guarantees?

O



The promises of conformal

prediction

Heuristic Conformal prediction Guaranteed

uncertainty uncertainty

o Theoretical guarantees on finite
sample coverage validity

o Distribution-free
o Model-agnostic

o Post-hoc wrapper: no training
modifications

15



Input of the data

O Training (+val) e _ [ ML
© Calibration Train set model
© Testing

Pre-defined
coverage level ® — ?

1l -« Any test point



Step 1/4: detine heuristics
uncertainty

O Training (+val)
© Calibration
© Testing

Pre-defined
coverage level

1 — «

Q000 _,| ML |__,| Heuristics
Train set model uncertainty

Classification:
softmax scores

R § (z) (3)

Model “confidence”
about this instance
having label 3

17



Step 2/4: non-conformity scores

V(X x)Y)—=R Non-conformity score function

V(X,Y) How much label Y “conforms” to the prediction at X
Larger V: higher non-conformity, lower confidence
Smaller V: lower non-conformity, more confidence

Let’s construct one for softmax score:

V(X =x,Y = 3) =1 — /l(:lj)(g)

Low non-conformity score when softmax

12845 g high i.e. model is confident

fle)

19



Step 3/4: quantile computation

O Training (+val) ‘V(Xlayl) ‘V(X27Y2) """ ‘V(XmYn)
© Calibration

® Testing First calculate non-

Pre-defined {V(X:,Y:) conformity score for each

coverage level calibration data point

1l —
R R i —— ‘:
i 1 23 4 5 1 2 3 45 i
- V(XL ) V(Xa2,Y2) |

__________________________________________________________________________________



Step 3/4: quantile computation

O Training (+val) QV(Xlayl) QV(X27Y2) """ QV(XmYn)
© Calibration l

© Testing
n = quantile({V(X;,Y;) 'y, (1 —a)(1 + %))

\ J

Pre-defined
coverage level

Takes the quantile of all non-conformity l q

l-a scores (with small correction)
1 15+ i
® ® . . # o
| "
12 Eas 12345 i
V(XL Y) V(X YD) VXY)

__________________________________________________________________________________



Step 3/4: quantile computation

O Training (+val) QV(Xlayl) OV(X27Y2) """ QV(XmYn)
© Calibration l

© Testing
n = quantile({V(X;,Y;) 'y, (1 —a)(1 + %))

\ J

Pre-defined
coverage level

Takes the quantile of all non-conformity l q

l-a scores (with small correction)
1 15+ i
@ P ;
s B .
| 7 o
i 1 2345 L 2 3 4 5 IS / i
V(XL Y) V(X YD) VXY)

__________________________________________________________________________________



Step 4/4: prediction set/interval

construction
O Training (+val)
© Calibration
® Testing O CXpp1)={y e Y :V(Xpi1,y) <1}
Pre-defined X 1
n

coverage level The set of labels where non-conformity
1 — scores are smaller than 7)

V( =1)
V( = 2)
O V(Xni1,Y = 3)
V( = 4)
V( = 5)

1 2 3 45



Step 4/4: prediction set/interval
construction

O Training (+val)
© Calibration
© Testing

O X
Xn—l—l

Pre-defined
coverage level

1 — «

1 2 3 45

n+1 —{yEy V( n—l—lay)éﬁ}

The set of labels where non-conformity
scores are smaller than 7)

Xn_|_1,Y 1)>77)(
Xpa1,Y = 2) < 1)
Xni1, Y =3) >0 x — {2, 4)
Xnt1,Y =4) <1

Xnt1,Y =5) > 17 x

24



In Summary

Step 1/4: define heuristics uncertainty
o e.g.softmax class probabilities f(x)

Step 2/4: compute non-conformity scores
for calibration sets

o e.g. l-softmax scores
Step 3/4: compute quantile 77 of non-
conformity scores

Step 4/4: Construct prediction set
o The set of labels below 7]



Similarly, for regression

o Step 1: heuristic uncertainty
O Training (+val)

© Calibration Q I" ‘I

©® Testing L _J
Pre-defined ﬂa/z(x) ﬂl—a/z (5’3)
coverage level
l -«
Step 2: non- V(X =2,Y =y) =max(flq/2(T) — ¥,y — fl1—a/2(T))

conformity score

26



Conformalized Quantile

Regressi()n

Step 3: computes the quantile over calibration data (standard and not shown)

Step 4: prediction interval construction

Q C(Xnt1) =wel:V(Xut1,y) <0}
Xn—l—l

C(Xn+1) — [/la/Z(anLl) o 777 ﬂl—a/Q(X’n—l—l) + 7?]

T

A

Y

o o e
3>l I ’

L



Coverage guarantees

Theorem 1 [Vovk, Gammerman, and Saunders, 1999]

Given exchangeability between calibration set { (X, Y;) }i—jand (Xn+1, Yii1)

P{Yn_|_1 - C(Xn_|_1)} Z ]l —«

The probability of the ground truth falls into the prediction setis 1 — «

28



Assumption: Exchangeability

Exchangeability between calibration set and test point

(X17 Yl)a T (X’n7 Yn)a (Xn—|—17 Yn—|—1)

Y L Y J

calibration set Any test point

Denote Z; = (XZ, Y;)

Given any permutation 7T of {1,--- ,n + 1}, it holds that

P((Zﬂ'(l)7 . °7Z7r(n—i—1)) — (z17 . '7Zn—|—1)) — P((Z17 . °7Zn—|—1) — (z17

Draw 3 colored
balls from a bag, P( ) =P( )

ce ,Zn+1))

29



Conformal Prediction have been

applied to vision, NLP, etc.

In computer vision, NLP
problems, the calibration and
test points are i.i.d
(independent, and identically
distributed).

Note: i.i.d implies
exchangeability whereas the
reverse 1s not true.

32



Plan for Today

o How to measure if an uncertainty

estimation method is good?
IVES?

o How to produce reliable uncertainty
estimates for graphs?

o How to produce uncertainty
estimates with reliability gua




However, does exchangeability
hold for graph structured data?

* Dependencies
between testing and

calibration nodes.
O Training (+val) (i.e., not i.i.d).
©® Calibration
® Testing * Message-passing

during training
includes calibration
and test nodes.

PI'QViOUSly, V (X7 Y7 {Z'U }UEDtrain UDvalid ) Graph dependencies

Now, \
V(X7 Y; {Z'U}'UEDtrainUDvalid7 {XU}UEDcalib UDxest 9 V’ 5)

Calib & test seen in training

34



Yes!

Theorem 1: in transductive node-level prediction
problem under random data split, graph exchangeability
holds given permutation invariance.

Most popular GNN5s
are permutation
invariant!

v

Kexin Huang, Ying Jin, Emmanuel Candes, Jure Leskovec. Uncertainty Quantification
over Graph with Conformalized Graph Neural Network. NeurIPS 2023, spotlight.

35



Okay, we have coverage, is that

enough?

o No! An arbitrarily large prediction set ensures
coverage validity but is practically useless

If there are 5 classes:

{ 1,02 ,03,14,3 } | 100% coverage! |

rL- ] i 100% coverage! i
-10,000 +10,000

Both are not usable!

36



How to define if a prediction

set/interval is good? - Efficiency

* Inefficiency calculates the length of the prediction set size

Inefficiency := |Dtlest| Zieptest C(X:)

{ 2 , 1 } VS { 2 y 1 . 38 y 3 }

[ ] [ ]
1410 Jiag V5 134l 1168

o Of course, while ensuring coverage guarantees!



How to improve efticiency?

(1) Standard GNN Training (@ Standard Conformal Prediction
l |

Classification Regression
. —1 40
() Train+Val ’ I. ________ 77 ‘ E j
(O Calibrate GNNy EHEEE
Test = - !
. (mm
() No label ‘ !

Key observation: GNNs prediction scores are

not optimized for conformal efficiency:.

38



GNN prediction scores are shown to be
biased for uncertainty quantification

1.0 Uncal. - Cora - 20 - GCN . Implications for
I Outputs o .
0.8 = Expected j conformal prediction:
>
g ° {1,3,4} (3}
=
S 0.4
g )
q
0.2

Confidence

0.0+ —
00 02 04 06 08 10

AN

i (X;) 1(X5)

Can we update scores

GNN prediction scores are under-confident.

automatically to
maximize efficiency?

Wang, Xiao, et al. "Be confident! towards trustworthy graph
neural networks via confidence calibration." NeurIPS 2021. -



Can we learn to update the scores
to make it conformal aware?

o A post-hoc step (not affect training!)




How to adjust the prediction

2.0

1.5+

Density

0.5

0.0

J

scores for GNNs?

.00

o Inefficiency has a
topological root?

o Could we use
<0 network structure to
- improve efficiency?

|
0.0

| | | |
0.5 1.0 1.5 2.0

Inefficiency Gap Between A Pair of Nodes



Key idea: use another GNN over
prediction scores

o Note: the input node embedding is prediction
scores from the base GNN.

o Asking around the neighbors on how to update
the prediction scores to maximize efficiency.



How do we update the
correction GNN?

Key insight: design a loss to approximate

efficiency and directly learn to optimize over it

This requires us to make the downstream
conformal step differentiable.




Differentiable conformal proxy

Step 1: define heuristic uncertainty Step 3: quantile computation

Step 2: non-conformity scores Step 4: prediction set/interval construction
1
4 - )
V(X,Y)=1- :LL(X)(Y)
Differentiable!

r V(X.Y) V(X,Y) = max(fiq/2(X) - Y,

L J A Y — /11—04/2 (X)
- J

ﬂa/2(x) ﬂl—a/2(x)

44



Ditferentiable conformal proxy

Step 1: define heuristic uncertainty Step 3: quantile computation
Step 2: non-conformity scores Step 4: prediction set/interval construction
< DiffQuantile({V (X;,Y;)}, &)
1 Uantl iy Xi) g, (X o
et - 7]
@) | onNy

Vcor—calib \

o Smooth quantile operator

(e.g. torch.quantile)

45



Differentiable conformal proxy

Step 1: define heuristic uncertainty Step 3: quantile computation

Step 2: non-conformity scores Step 4: prediction set/interval construction
@
DiffQuantile({V (X;,Y;)}, &)  ~
O - 1]
L J
Vcor—calib
)
@
@ — Prediction Set/interval Size Proxy
@
Vcor—test
vfﬁ EIneff
: S | . :
Inefficiency := Dremt] Zieptest C(X;)]| Not differentiable

C(Xpt1)| =y € V: V(Xnt1,y) <0}
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Differentiable conformal proxy

Step 1: define heuristic uncertainty  Step 3: quantile computation
Step 2: non-conformity scores Step 4: prediction set/interval construction

/" Prediction Set Size Proxy N
|C(Xn—|—1)| — |{y SINZ V(Xn+1ay) < ﬁ}|

1.0 1

V(XZ7’]€)>7/7 — 0

0.8 1

0.6 1

l 0.4-

0.2 1

V(X k) >n V(Xi, k) <n

Use smooth indicator function:
o((h — V(X;, k) /7) e
\ n—V(Xik) /

47




Differentiable conformal proxy

Step 1: define heuristic uncertainty

Step 3: quantile computation
Step 2: non-conformity scores Step 4: prediction set/interval construction
/" Prediction Set Size Proxy N
»CIneff — Y Y (( (X’Hk))/T)
1.01 1.0-
0.81 0.8
0.6 x 06
V(Xi,k) >0 | V(Xuk) <9 7 8 V(Xi, k) <1
0.4 1 5_’)’0_4-
0.2 0.2
0.0 0.0 i
10 5 0 5 10 10 5 0 10




Differentiable conformal proxy

Step 1: define heuristic uncertainty  Step 3: quantile computation

Step 2: non-conformity scores Step 4: prediction set/interval construction
/" Prediction Interval Length Proxy )
Linett = v 2 (A1—a/2(X;) + 1) = (fa/2(Xi) — 0)
1€Vt
fi1—a/2(X5) fra2(X5)

) whl
3>i.__|__'

K
| |
Y

\_ Prediction Interval Length )

49



Overview

DiffQuantile({V (X;,Y;)}, &)  ~

»
»

Prediction Set Size Proxy l

Lo =& 3 3 o((VXi k) = i)/7)

Linett = 2 (P—ay2(X5) +1)
1€ Ver — (flay2(Xi) — 1)

o Will the correction step affect coverage guarantees?

o Because the update step is also a permutation invariant
GNN.

o Based on theorem 1, it still achieves coverage
guarantees.

50



CF-GNN achieves empirical
coverage guarantee

Task |UQModel | Cora | DBLP | CiteSeer | PubMed | Computers |Covered?
Temp. Scale. | 0.946+.003 X | 0.920+.009 X 0.952:+.004 ¥ | 0.899+.002 X | 0.929+.002 X X
Vector Scale. | 0.944+.004 X | 0.921+.000 X 0.951+.004 v 0.899+.003 X | 0.932+.002 X X
b{Od?f Ensemble TS| 0.947+.003 X | 0.920+.008 X |0.953+.003 ¢ | 0.899+ 002 X | 0.930+ 002 X X
Cassil- caGeN 0.939:.005 X | 0.9224.004 X | 0.9494 005 X | 0.898=.003 X | 0.926+.003 X | X
GATS 0.939+.005 X | 0.921+£.004 X [0.951+£.005s ¥ | 0.898+£.002 X | 0.925+.002 X X
CF-GNN  |0.952+.001 ¢ {0.952+.001 ¢ |0.953+.001 ¥ |0.953+.001 ¥ |0.952+.001 ¢ | ¢

Task UQ Model Anaheim Chicago Education Election Twitch Covered?
QR 0.943+.031 X | 0.950+.007 X |0.959+.001 ¢ [0.956+.004 ¢~ 0.900+015X | X
Node |MC dropout | 0.553+.022 X | 0.427+.015 X | 0.423+.013 X | 0.417+.008 X 0.448+.017 X X
ICEIESS. | BayesianNN |0.967+.001 v 10.955+.003 ¥ |0.957+.002 ¢ |0.958+.000 % 0.923+.006 X X
CF-GNN  [0.957+.003 ¢ |0.954+.002 ¥ |0.951+.001 ¥ |0.950+.001 ¥ 0.954+001 ¢"| ¢
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CF-GNN enables drastic
efficiency gain

Task | Dataset | CP ——CF-GNN
Cora 3.80428 22 1%, 1 764 27
DBLP 243403 —213%, 1 234 o1
Node | CiteSeer | 3.86+.11— 27099402
classif. | PubMed | 1.60+.00—22"%1 29, o3
Computers 3.564.13—205%, 1 814 1
Photo 3.794.13—2028% 1 66421
CS 7.79+20=5215%.5 954 49
Physics 311207 —281%, 1 16413
Average Improvement | -53.75%

Task | Dataset | CP ——CF-GNN
Anaheim 2.89+39—2209% 5 17 1)
Chicago | 2.05+.07—22%2 044 17
Node Education 2.561.02L07%>2.43i.05
regress. . +0.21%
Election 0.90+.01———0.90+.02
Income 2.514.12=258%05 404+ 05
Unemploy 2.724.03—28%0 434 o4
Twitch 243+ 10—23%2 394 o7
Average Improvement \ -6.73%

More results on conditional coverage, sensitivity
analysis, other GNNs, etc. in the paper!
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Lots of exciting follow-ups...

o Since its publication...
o Extension to link prediction setting?
o Extension to non-uniform split
o Extension to inductive setting’
o Extension to edge exchangeability”

1 Conformal Link Prediction to Control the Error Rate.
2 On the Validity of Conformal Prediction for Network Data Under Non-Uniform Sampling.

3 Conformal Inductive Graph Neural Networks. -



Thank you!

o How to measure if an uncertainty
estimation method is good?

o How to produce uncertainty
estimates with reliability guarantees?

o How to produce reliable uncertainty
estimates for graphs?

X @KexinHuang5
& kexinhuang.com , ,
B kexinh@cs.stanford.edu Kexin Huang Ying Jin Emmanuel Candes  Jure Leskovec
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