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Introduction

Recent work theoretically connected the problem of seed set expansions with personalized page rank by
showing that the optimal weights of random walk landing probabilities when constructing a classifier for
community detection of nodes in the stochastic block model followed the weights in personalized page rank [3].
One drawback of the stochastic block model is that it can be unrealistic as a model for empirical graphs.
The degree-corrected stochastic block model is an extension of the stochastic block model that allows edge
probabilities to differ both by which communities the nodes are in as well as by latent “friendliness” parameters that each node has.
The goal of this project was to extend the analysis of [3] to the degree-corrected stochastic block model
and determine (i) whether the optimal weights of a classifier using random walk probabilities follow some
known node-ranking model (possibly even personalized page rank as with the standard stochastic block
model), (ii) a closed form for the weights in terms of the model parameters, and (iii) to explore performance
the practicality of such a classifier with experiments.
With this project I was able to extend the analysis of [3] to the degree-corrected stochastic block model,
deriving the optimal weights of a classifier in the space of normalized random walk probabilities in terms of
the parameters of the model. My central result is a proof akin to the one shown in [3] and highlights that
with high probability, random walk probabilities in the degree corrected stochastic block model concentrate
around a distribution characterized by a smaller linear system on the blocks with a conditional distribution
within blocks proportional to the “friendliness” of each user within that block. This is of independent
theoretical interest in relating graph models and random walks (which in turn link to ranking models such
as personalized page rank), and in conjunction with some simple parameter estimation was able to produce
accurate classification on synthetic data as well as two empirical networks.
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Related Work

Because this work builds upon a recent result in the literature in style and approach, here I will give a review
of the concepts that led to that work as well as why my particular extension to the dcsbm has practical
motivation.
The SBM
The stochastic block model SBM, is a generative model for random graphs that extends the spirit of
Erdos-Renyi G(n, p) graphs to graphs with communities. It presumes the existence of a partition of V into
K communities S1 , . . . , Sk and is parametrized by a K × K matrix ω giving edge probabilities between
clusters. Edge existence is independent for all pairs of nodes, and for each pair x ∈ Si , y ∈ Sj of nodes, the
probability (i, j) ∈ E is ωij . There are a plethora of results studying the recoverability of S1 , . . . , Sk given a
graph drawn from the SBM under different limits on the number of nodes relative to the values in ω. The
SBM is the canonical probabilistic model for community structure in graphs.
Seed set expansion for the SBM via Personalized Page Rank
The seed set expansion problem is akin to community detection from a specific node x– supposing there
is a community structure underlying a graph, which nodes are x’s community.
Both personalized page rank and the heat kernel, two quantities that provide some measure of how
connected two nodes x and y are, can both be written as linear combinations of k−step random walk
probabilities between x and y. A natural question arising from considering these popular ranking models as
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linear combination of random walk landing probabilities is to wonder which weights are optimal for seed set
expansion under a particular random graph model. This is an inversion of sorts on the typical perspective of
community detection- given that we wish to use a linear combination of the k-step random walk probabilities
from a node x to detect the nodes y in the same community as x, we can compute the optimal weights
of those probabilities given a random graph model. This approach was considered by [3], who show that
personalized page rank is optimal for the stochastic block model (SBM).
More formally, consider a 2-block SBM, fix some number of steps K, and consider every node y in the
graph as a point in [0, 1]K where the k-th rky coordinate of y’s vector is it’s k step landing probability from
some fixed node x. Consider the centroids of the two point clouds of the underlying blocks in this space.
Geometric discriminant functions f (r) = wT r place some weights w on features r. If we choose w = (a − b)
where a is the centroid of the community containing the seed node and b the centroid of the other community,
then f (ry ) = (a − b)T y gives a ranking of the nodes in terms of their relevance to x, and is normal to the
maximal separating hyperplane between the two clouds of nodes in this space. In this sense, this weight
vector w∗ = a − b gives the optimal weights for classifying the nodes as in the same or difference community
as x in the space of the landing probabilities.
Personalized page rank can be written as another discriminant function where the k-th entry is αk for
some α ∈ (−1, 1) (to interpret these strictly as random walk with α as teleportation probability, simply
−t k
restrict to α ≥ 0) and the heat kernel for parameter t > 0 has wk = e k!t . We refer to these weight vectors
as wP P R (α) and wHK (t) respectively. The central result of the paper is that wP P R (α) approaches b − a in
the limit of nodes when α is the ratio of the difference and the sum of the edge probabilities from x to its
own and the other class. In other words, if pin is the edge probability for pairs of nodes within x’s class and
pout is the edge probability from x to the other class, for n nodes


pin − pout
lim wP P R
= b − a.
n→∞
pin + pout
This result extends to more than two communities under mild conditions and for larger classes of classifiers
(allowing for correction of correlated random walk probabilities), but the central area for practical improvement of this result, in my mind, is to see it extended to graph models that more often reflect empirical
networks.
The Degree-Corrected Stochastic Block Model
When considering networks arising from actual human interaction, the SBM leaves something to be
desired. A canonical counterexample to the usefulness of the SBM for community detection is the Karate
club graph, where the SBM suggests communities seemingly unrelated to a empirical split of the club and
which is intuitively displeasing. A central intuitive issue with the SBM is that under the model the distribution
of edges attached to any node x ∈ Si is identical– it does not allow for differences between nodes in clusters.
Karrer and Newman set out to extend the SBM so that it more believably reflects empirical graphs,
without moving into models such as ERGMs which present tractibility issues in community detection [?].
The central problem they correct is that the SBM will sometimes place higher degree nodes in a community
opposite the lower degree nodes regardless of any seeming topological structure in the network. The intuitive
reason is that by setting diagonal elements of ω near 0 this allows it to use the rest of ω to simply fit to the
edge counts of the high-degree and low-degree groups.
The solution proposed combines the Chung-Lu graph model with the SBM, giving every node x a parameter θx that controls the degree of x. For x ∈ VI and y ∈ VJ , the degree corrected stochastic Block model
has
P ((x, y) ∈ E|x ∈ Si , y ∈ Sj ) = θx θy ωIJ
and all edge’s existences are independent. Note that some formulations allow multiedges and have Axy
Poisson but with the same expectation. The results here focus on the single edge case but should have no
problem extending to that case, which is very similar in sparse regimes.
Because the degree corrected SBM is widespread in empirical applications and has many probabilistc
parallels with the SBM (e.g. independent edges), I was able to sucessfully adjust the proof techniques in [3]
to the dcsbm.
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Preliminaries and Notation

We use the notation G = (V, E) to denote a simple, directed graph. A is its adjacency matrix, where Axy is
1 if (x, y) ∈ E. and 0 otherwise. We denote the partition of V into C communities V1 , . . . , VC with the map
c : V → {1, . . . , C} where c(x) is the community node x belongs to.
SBM and DCSBM
The C × C matrix ω gives the stochastic block model (SBM) edge probabilities. In the traditional SBM,
{Axy } are independent a bernoulli random variables with probabilities pxy = ωc(x),c(y) of being 1. We assume
that ω is symmetric and for all I ∈ {1, . . . , C} that ωI,J < ωI,I , so that the probability of an edge between
two members of community I is always higher than the probability of an edge between a member of I and
another community.
The degree-corrected stochastic block model (DCSBM) also introduces a parameter vector θ indexed by
V . For each pair x, y ∈ V the probability pxy that (x, y) ∈ E is
pxy = θx θy ωc(x),c(y) .
As with the SBM, in the DCSBM, all Axy are inddpendent and bernoulli.
Note that we consider only simple graphs here, a departure from the original work developing the degreecorrected stochastic block model that is for all practical purposes unimportant, as that work focused on
Poisson edge counts that were sparse enough to concentrate tightly around our Bernoulli framework.
Linear Discriminant functions
Given an embedding of the nodes of a graph into RK , consider the centroids a and b of the community of
the seed nodes and its complement. A geometric discriminant function f : V → R includes a weight vector
w = (b − a). If rv is the embedding of v into Rk , the discriminant function is
f (v) = (b − a)T rv .
The goal here is that the scores of the community containing the seed node and the scores of the rest of
the nodes are separated by this function. The body of the paper shows essentially that for SBM, the k-th
entry ŵ converges to the personalized page rank weights on k-step random walks where the parameter α is
a function of the SBM parameters ω.
Fisherian Discriminant Function
Fisherian Discriminant functions work in the same space of features as linear discriminants, but apply
a change of variables to the features to maximize class separation. The end result of some linear algebra
applied to an optimization formulation is that optimal classification in terms of separation in the new feature
space occurs when adjusting the features by the inverse of their covariance Σ:
f (v) = (b − a)T Σ−1 rv .
Given that we are using random walk probabilities which converge to a stationary distribution for strongly
connected graphs (which we are exclusively working with for our problem to be well-defined), this Σ has an
interesting interpretation- Σij is the correlation between i and j-step landing probabilities from the seed
node. In the original space, this gives us a quadratic classifier. Additional illustration of the application and
estimation of Σ are discussed later in the report.
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Theoretical Results

Here we show some analogues of the results from [?] that we have derived for the DCSBM problem. The
general approach of that paper is do show that for a large enough number of nodes in each community, the
number of edges between each pair of communities is concentrated around expectation, and as a result, the
number of paths of each length k = 1, . . . , K is concentrated around the solution of a diagonalizable system
which has a convenient form.
Although these results do not translate directly to the degree corrected SBM, a similar argument shows
that a normalized random walk probability, adjusted by dividing by the degree parameter θx of each node x,
are tightly concentrated for all nodes in a class around a solution of a linear system. Therefore rather than
counting paths directly, we instead focus on a θ correction of these path counts, ultimately leading us to a
different feature space for classification.
The first step is to prove the following lemma. A second (simpler) lemma that derives the weights from
the linear system found in the first lemma should follow.
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Theorem 1 (DCSBM Random Walk Concentration) Let Gn be an n-node graph with C communities
and a distribution {πI }C
I=1 on the communities with πI · n nodes in community I, and parameters θ and ω
giving node-wise and community-pairwise edge propensities respectively.
For each node x let c(x) be the community of x and let pkx be the random walk probability of arriving in
node x from some source node s distributed uniformly in community C0 . Then for any , δ > 0 there exists
some n large enough so that with probability at least 1 − δ,
k
θc(x) qc(x)
pkx
≈ P k
θx
J qJ

in the sense that pkx /θx is within a (1 ± ) multiplicative factor of the above term, where {qIk } is the deterministic solution to the linear system
C
X
qIk =
DJI qJk−1
J=1

where DJI = πJ θJ ωJI for θJ =
community C0 .

P

0
y∈J θy , and qI = 1(I = C0 ) is an indicator function for the starting
qk

P k are deterministic and depend only on c(x), not x itself.
Note that all terms in the expression π Nc(x)
c(x)
J qJ
So we have with high probability that the random walk probabilities normalized by θ concentrate for each
community around a linear system that depends only on π,{θI }C
I=1 , and ω.
The proof of this theorem breaks down into two lemmas, the first showing degree concentration between
each node and community with high probability, and the second showing that such concentration translates
into random walk concentration around the given linear system. The central idea behind the difference is
that the distribution of landing in a node in k steps under the SBM is entirely function of its class, so the
conditional distribution of the node given the class is uniform. For the dcsbm, however, the conditional
distribution is proportional to θ on that class. It follows that for classification purposes the random walk
probability normalized by θ give the relevant information for community detection.

4.1

Edge concentration across communities for DCSBM

Lemma 1 (DCSBM edge concentration) For any , δ > 0, there exists a large enough n so that for
every node x and community J, the number of edges between x and nodes in J is within a (1 ± ) factor of
its expectation with probability at least 1 − δ.
Proof: Recalling that each Axy is an independent bernoulli, we consider the following random variables
for each x ∈ V and J ∈ {1, . . . , C}:
X θy
dxJ =
Ayx
θJ
y∈VJ
P
where θI = x θx for any community I. We have that
X θy
E[Axy ]
E[dxJ ] =
θC
y∈Vj
X
= ωJ,c(x) θx θJ−1
θy2
y∈Vj

Letting µxJ = E[dxJ ], we have by the independence of Axy the following Chernoff Bound for any  ∈ (0, 1]

µxJ
e−
P r[dxJ < (1 − )µIJ ] <
(1 − )(1−)
and a similar bound holds for P r[dxJ > (1 − )µxJ ]. These both admit the weaker bound exp(−µxJ 2 /2)
for the probability of falling in the tail, so a union bound over the 2Cn events that all dxJ lie within a
multiplicative factor of 1 ±  of their expectation is
X
2
2
P r[∃I, Js.t. |dIJ /µIJ | > (1 − )] < 2
e−µIJ  /2 ≤ 2Cne−µ̃ /2
I6=J
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where µ̃ is the minimum over x, J of θx ωc(x)J θJ . It follows that for n large enough so that δ < 2Cne−µ̃ /2
so long as µ̃ doesn’t
P shrink too
Pquickly as n grows.
Noting that y∈VJ θy2 ≤ ( y∈Vj θy )2 = θJ2 , we have that µ̃ is bounded below by min ωJ,I θI minx∈I θx ≥
min ωJI nπI minx θx , so More precisely the bound holds when e−µ̃ ∈ o(n) or equivalently, minx θx ∈ Ω(log(n)).
This means that the concentration holds so long as the graph doesn’t become exponentially relatively sparser
as n grows, meaning that we have not buried unreasonable assumptions about density into this condition.
Normalized path counting
Lemma 2 When all dxJ are within (1 ± ) of their expectation, the number of paths Pxk of length k to node
x from the source node is within (1 ± )k of
θx k
q
θc(x) c(x)
P
P
where for all I, k, qIk = J qJk DJI for DIJ = θI ωIJ y∈J θy2 . and qI0 = 1(I = C0 ) where C0 is the community
from which the source node is selected uniform at random.
Proof:
We proceed by induction on k and show the lower bound first. Assume the concentration of the dxJ
hold. The base case k = 0 is trivially satisfied by the condition qI0 = 1(I = C0 ). We assume the inductive
hypothesis for natural numbers up to k and consider the random variables Pxk to be the number of length k
paths from the source node to x.
XX
Pxk+1 =
Pyk Ayx
J

y∈J

using the inductive hypothesis we have
XX
J

Pyk Ayx ≥ (1 − α)k

y∈J

X X θy
q k Ayx
θJ J
J

y∈J

= (1 − α)k

X

k

X

J

≥ (1 − α)

qJk

X θy
Ayx
θJ

y∈J

qJk (1

− α)dxJ

J

= (1 − α)k+1

θx X k
qJ dJI
θI
J

= (1 −

θx
α)k+1 qIk+1
θI

where we have used the recursive definition of qIk+1 and that for any x ∈ I, dxJ = θθxI dJI . The other direction
follows similarly. It follows immeadiately that
1+
Proof of theorem 1: Given  and δ, choose γ such that 1−
> 1 + γ and 1−
1+ < 1 − γ. Then by Lemma
1/K
1 take n large enough so that every dxJ is within (1 ± γ)
where of its expectation with probability 1 − δ.
θx
k
k
It follows from lemma 2 that for all x each Pxk is thus within (1 ± γ) of θc(x)
qc(x)
where qc(x)
is given by
P
the linear system in the theorem statement. To get the pkx from Pxk , we simply divide by x∈V Pxk with is
P P
P
within a (1 ± γ) factor of J x θx /θJ qJk = J qJk . Given that a 1 + γ distortion in the numerator and a
1 − γ distortion in the denominator and vice versa both give a distortion of at most (1 ± ) in the fraction,
the proof is complete.
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DCSBM-Rank

Here I give the algorithm for detecting the community containing some specified source node s in a directed
graph.
1. Estimate θ̂ and α̂.
2. For k = 1, . . . , K, where K is given when path counts become numerically cumbersome, compute the
landing probability pkx of each node x from s in k steps.
5

3. For each node x compute rx =



p1x p2x
pK
, , . . . , θ̂x
θ̂x θ̂x
x



4. Estimate Σ̂ from {{pkx }x }K
k=1 .
T −1
5. For αK = (α̂, α̂2 , . . . , α̂K ) output f = αK
Σ̂ r, with f (x) being the score assigned to node x for lying
in the same community of s.

Procedures for parameter estimation are discussed in the next section, but are not tailored to the efficacy
of this method.
Parameter Estimates
Because the algorithm divides by each random walk probability by θi and uses weights α which depend
on the block edge probabilities ω, application of this model to empirical graphs requires estimation of θ and
ω.
Note that computation time and accuracy both grow with K, but for K too large estimates become
numerically unstable, and the statistical value of landing probabilities in separating classes quickly grows
dubious in cases of model-misspecification. In this work I have simply used K = 4, though [3] motivates the
tracking of the condition number of the matrix of path counts.
In general MLE for the dcsbm is NP-hard, as it subsumes MLE for for the stochastic block model,
which can be reduced to graph bisection [?]. While there are estimators for the parameters which work
well under assumptions involving e.g. separation between in-class and out-class edge probabilities (keeping
the graph far from the notorious resolution limit) such heuristics for estimation can have poor performance
outside the model class, which likely includes any empirical network. Furthermore, these estimates can
be computationally expensive and noisy, and incremental improvements are unlikely to improve predictive
performance when the process generating empirical graphs fell outside the model class anyway. Thus I employ
simply moment-based estimation of θ, which amounts quite literally to
θ̂x = deg(x),
P
as if we fix ||θJ || for each J, often done so that the MLE is well defined, we have E[deg(x)] = θx J θJ ωc(x)J ,
which is a constant (up to the constraint) in θx .
To estimate α one can use algorithms such as in [1]. Developing estimators for α is the clear next step in
continuous of this work.
Estimation of Σ can be done in a variety of black-box ways, most simply with the sample covariance
matrix. In my experiments and visualizations I employed Ledoit-Wolf shrinkage to my covariance matrices.
Ledoit-Wolf shrinkage is generally a good idea and I found gave it sharper visuals and significantly improved
my classification success on empirical data. Furrther details on Ledoit-Wolf shrinkage can be found in [?].

6

Results on Data

Here we visualize the effect of normalization on the features on synthetic data both in expectation as well as
in sampled data. We then explore the classification on an empirical graph arising from webpages for Stanford
and Berkeley.

6.1

Visualizations with Synthetic Data

Here I have plotted functions of the random walk probabilities for one through three steps on synthetic graphs
drawn from the dcsbm model. The graphs have three communities of 100 nodes each. I consider for two types
of graph the random walk probabilities in expectation, the random walk probabilities in expectation dividing
by θx for the nodes, and the random walk probabilities of a random sample both unprocessed and with
the correction by θ and change of basis Σ̂−1 . Note that the visualization in expectation is more illustrative
because of the granularity of a one step landing probability, even when scaling by θx . My choice of scaling
by θx is somewhat motivated by my machinations with the theoretical aspect of the project, I may suggest
these normalized random walk probabilties as superior features for classification in my final version.
The first graph is modeled after a sort of cycle of the 5 communities, I have included ω for reference, and
the θ within each community matches the pattern of any row of ω. The second was obtained by adding a
small amount of uniform random noise to a diagonally dominant ω, and by choosing θ to be .75 plus a small
amount of uniform at random noise.
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Figure 1: Plots of random walk probabilities in expectation (left) and in expectation when correcting by θ
(right) for two synthetic dcsbm graphs. The i, j-th plot from the top left contains the scatterplot of i and
j-step random walk probabilities, showing the gaps between community centroids along that plane. Dots
represent nodes and are colored by community.
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Figure 2: Plots of sampled random walk probabilities and when correcting by θ and Σ̂−1 (right) for two
synthetic dcsbm graphs. The i, j-th plot from the top left contains the scatterplot of i and j-step random
walk probabilities, showing the gaps between community centroids along that plane. Dots represent nodes
and are colored by community.
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We can see that while the random walk probabilities in expectation are reasonably separated point clouds
that these contract to single points under the normalization by θ, which gives much cleaner linear separation
in this space. We likewise see that while point clouds have nice separation in the sample visually, the degree
correction and application of Σ̂−1 gives sharp linear boundaries between each pair of communities, where we
would have had to use non-linear boundaries in the original space.

6.2

Empirical Data Analysis

For my empirical data analysis, I consider the Stanford Berkeley webhosting graph, details of which can
be found in [?]. The data consists of webpages with a stanford.edu or berkeley.edu as nodes and with
hyperlinks as directed edges. Then that graph was contracted to its to host domains e.g. cs.stanford.edu
within each community. The graph has n = 464 nodes, 200 corresponding to Berkeley servers and 246
corresponding to Stanford servers.
Evaluation
In order to evaluate my ranking f of nodes, I fixed the community of the 0 indexed node as C0 and used
s(x) := f (x)/ maxy f (y) as a score s for f (x). This means that the lower score a node has, the more likely
it is to belong to C0 under the classification model. For each threshold t ∈ [0, 1], this allows us to evaluate
the classification algorithm Ĉ0 = {x ∈ V : s(x) ≤ t}, Ĉ1 = Ĉ0C for precision and recall. These are plotted in
figure 3 as a standard Receiver-Operator Curve (ROC). As t moves from 0 to 1, we move along one of the
colored curves in that figure, and the point (x, y) tells us that when Ĉ0 contains proportion of the true C0 ,
proportion y of the nodes in Ĉ0 are really from C0 . Thus the area under the ROC curve (AUC) gives us some
idea of how our classifier blends high precision and high recall. Barring some difference in utility between
false positives and false negatives, it is considered reasonable to judge classifiers monotonically based on their
AUC.
We see in the figure that our method improves upon SBM classifier developed in [3]. Here we have used
K = 4 and α = .85 heuristically because of time constraints, but the gap in AUC between dcsbm and sbm
was consistently around .075, and widened whenever AUC rose from increasing K or twiddling α.
In particular the performance of FDA under the DCSBM, which has an AUC of .85, is encouraging because
it is agnostic to community size and number of blocks and because the parameters are simple estimators or
heuristics that have not been optimized.
We find furthermore that the use of FDA rather than LDA, which allows for quadratic boundary shapes in
the feature space, improves classification markedly for the degree-corrected model while reducing performance
for the pure SBM. A simple explanation here is that in this context, SBM is inappropriate to the extent that
the more nuanced classifier is simply overfitting to the model misspecification, while the more reasonable
dcsbm is able to take advantage of wider boundary range.
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Figure 3: Left: Random walk probabilities in the Berkstan graph for 1 through 3 steps. Hosts are are
colored by community (Stanford or Berkeley). Right: ROC curve for linear discriminant analysis (LDA) and
Fisherian discriminant analysis (FDA) for the the stochastic block model (sbm) and the degree corrected
stochastic block model (dcsbm).
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Conclusion and Continuation

I was able to extend the proofs I wanted to to the model class I wanted to, found a pleasing intuition explaining
those proofs, and get some positive results classifying an empirical network with no knob twiddling using a
rather agnostic algorithm. Obvious areas for improvement are development of better estimators. I also think
that the proofs in this work, which followed a template by the inspiring work, can be both streamlined in
terms of elegance as well as generalized to a large class of models centered around edge independence. I will
continue working on these problems and hope to have a publishable result in the near future.
Work Breakdown
All work was my own (Stephen’s). Thanks for reading!
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